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UNIT-1

1. Higher order derivatives of standard functions

1.1. Definition. Let f : (a,b) — R be differentiable on (a,b). If f’ is differentiable, then
we say that f is twice differentiable and f” is called the second derivative of f. f” is also
denoted by dé Further, suppose the (n — 1) derivative f("=1) of f exists. If f(*~1) is
dlfferentlable on (a,b), then its derivative is called the n'* derivative of f and is denoted

by f™ or Lf: If the function f is expressed in terms of y = f(z), then the successive

dy d’y d"y
derivatives of y are denoted by y1,%2,...,yn OF 52, =5, ..., o=,

The following proposition describes the formulae for n® order derivatives of some
standard functions.

1.2. Proposition. Let a,b,c € R.Then prove the following
(1) For an integer m if y = (ax + b)™, then

Yo =m(m—1)---(m—n+1)a"(ax +b)"™"
(2) If y = (ax + b)™, with m € N, then the above reduces to

m! n m—n
Yn = (m = n)'a (azx +b)
(3) If y = (ax + b)", then
—1)"nla
y B ( 1)n |47
" (ax + )t

4) Fory=1 b
( ) ory Og(a/x + )? B (_1)n_1<n . 1)'0,”

Yn = (ax +b)"

(5) Fory=a™, vy, =m"(loga)"a™".
(6) Fory=e™ vy, =m"em".

(7) For Y = COS((I!L‘ + b) UYn = a™ cos (CLI + b4+ %)

(8) Fory =sin(ax +b), y, =a"sin (ax +b+ %)

(9) Fory = e cos(br +¢), yn = r"e® cos(bx + ¢ + ny), where r = v/a? + b2,
¢ =tan™' ().

(10) Fory = e®sin(bx +¢), y, = r"e"sin(br + ¢ + ny), where r = a2 + b2,
¢ =tan~! ().
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PROOF. (1) We prove this by induction. Indeed, y; = ma(az + b)™ L.
Assume that y, = m(m —1)(m —2)--- (m —n+ 1)a"(ax + b)™ " for a fixed n € N. Then

Yn+1 = % = dix(m(m —1)---(m—n+1)a"(ax+b)"")
= = 1) (= Va7 (e +5)" )
=m(m—1)---(m—n+1)a"(m —n)(az +b)" " Va
=m(m—1)-(m = (n+1) +1a"" (az + b)),
(2) and (3) are particular cases of (1).
(4) y = log(az +b). So, y1 = ——a =

(m

(=D)°0)at (=) 1(1-1)lat

az+b (az+b)t T (az+b)t
_ ()" n-nlan
Now assume that Yn = W. Then

dy, d ((—1)”1(n—1)!a">

Yl =g T de (azx + b)"

(1) (n - 1)!@"% (m)

(=) (n — 1)!&"% (ax+0b)™"
(-1 ' (n — Dla"(—n)(az +b) "

(_1)nn!an+1
(azx + b))

_ (_1)nn!an+1(al,_’_ b)—(n—i—l) _

This proves (4).
(5) y = a™. Then y; = a™*(log a)m = m(loga)a™®. Similarly we get, yo = m?(log a)?a™2,
ys = m3(loga)3a™®. In general,

mx

yn = m"(loga)"a
(6) follows by taking a = e in (5).
(7) y = cos(ax + b). Then,

y1 = —asin(ax + b) = acos <a:€ +b+ g)

2
Yy = —a®sin(ax + b+ g) = a’® cos (am +b+ g)

2 3
y3 = —a’sin(ax + b+ g) = a® cos (am +b+ ;)

(n—1)7m

Yn = —a"sin(ax + b+ 5

) = a" cos (a:l?—l—b%—n;).

(8) can be proved similarly.
(9) y = e* cos(bx + ¢).

y1 = ae™ cos(bx + ¢) — be®” sin(bx + ¢)
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= e"(acos(bx + ¢) — bsin(bx + ¢)). (1.2.1)

Let a = rcosp and b = rsinp. Then a® + b* = r? and g = tan . That is, r = Va2 + b2,
¢ = tan"' (2). Now by (1.2.1),

y1 = e**(rcos p cos(bx + ¢) — rsin psin(bx + ¢))
= re® cos(bx + ¢+ ).

Similarly,
Yo = 2™ cos(bx + ¢ + 2¢p).

Continuing in this manner, in general we get,

Yn = r"e® cos(bx + ¢ + ny),

where r = Va2 + %, ¢ = tan™! (2).

(10) can be proved similarly. O

1.3. Example. If y = cosmx — sinmx, then prove that

[SIE

Yo =m" (1 — (=1)"sin 2mz)

SOLUTION. Here y = cosmax — sinmax. Hence

ol nmw . nmw
UYn =M |COS (mx + —) — sin (mx + —ﬂ
L 2 2
_ 1
n nm _ nm\12|?2
=m [cos (mx + —) — sin (mx + —)}
2 2
nl nmwy\ . nmT\13
=m" |1 — 2cos (mm—i—?) sin (mm—i—?)]

=m" [l —sin(2mz + nﬂ)]%

1
=m" [1 — sin 2mx cos nm — cos 2ma sin nr|?

D=

=m" [l —(=1)"sin2mz|? .

1.4. Example. Find vy, for y = €?® cos z sin? 2.

SOLUTION. Here,

y = e?® cos x sin® 2z

- (1—cos4m>
=ecosy | ———

2
1 2z
= —e“"(cos x — cos 4z cos )
1
= —e*(cosx — §(COS 5z + cos 3x))

2x 12

T 1 2
= —e“Ycosx — —e“*coshr — -e
2 4

T cos3x



511/2

29n/2

€% cos (x +ntan~t %) - €% cos (Sx +ntan~t 5)

1372, .
e’ cos (3z + ntan™' 3).

2. Leibniz’s rule

2.1. Theorem (Leibniz’s rule). State and prove Leibniz’s theorem.
Statement : Let u,v : E — R be sufficiently many times differentiable functions. Then for
any n € N,

(uv)y = u,v+ "Cru,_1vy + "Caouy, v + -+ - 4+ uvy,.

ProOF. We prove this theorem by mathematical induction on n. Note that the result for

n = 11is (uv); = uyv + wvy, which is obviously true. Suppose that the result holds for
n = k. That is,

(w0 = upv + FCrup_1v1 + "Coup_gvy + -+ + uy,.
Differentiating this we get,
(U0) st = Ups1¥ + vy + O (upvy + Up_1v2) + "Cy(up_1vg + up_gvs3)
T+ UV F UV
= 10 + (14 "Cugvr + (°CL+ FCo)up—1vs
+ ("Co + "C5)up—ovg + -+ - + uvgsy
= w10 + "TC1ugvr + M Coup1vs + P C5up_ovs + - -+ + g,

as *C,_y + *C, = *1C,. Thus the result is true for n = k + 1. Hence the result holds for
all n € N. O

Given a product of functions, usually it is a common practice to select the function
as u whose n'" derivative is known to us.

2.2. Example. If y = zlog(z — 1), then find y,,.
SOLUTION. Let u = log(xz — 1), then by Leibniz’s Theorem,

(uv)y, = U + "Crt_101 + "Cotly_ov + - - - + Uy,

Hence,
BVt ) T e ) PR
Un o1y St T LHOF
_ ()= D=tz (D)0 = 2 e — 1)
(@—1)r (= 1)
—1)"2(n — 2)! —1)"2(n —2)!
_ ! 1235 _(1>n 2 (—z(n—1)+n(z—1)) = ( 120% _(1)n 2) (x —n).

2.3. Example. If z = cos (£ logy), then find y,(0).
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SOLUTION. We can write the given relation as

y=emese (2.3.1)
Then
-1 m
=em T | = V1 —2%y; = —my. 2.3.2
Hence,

(1 —2%)yi = m*y”.
By differentiating this we get,
2(1 — 2y — 2zy7 = 2mPyys = (1 — 2%)yo — 2y = M2y, (2.3.3)
Hence by Leibniz’s Theorem, we get,
Yni2(1 — 2%) + "Cryni1(—22) — 2 "Coyn,
— Y1 — "Cryn = Mm’y,
=(1- JU2)?Jn+2 — 2nTYn1 — n(n — Ly,
— TYng1 — MYy — MY, =0
=(1 = 2°)Ypro — 2n + Dy — (n® +m?)y, = 0. (2.3.4)
From (2.3.1),(2.3.2), (2.3.3) and (2.3.4) we have,
y(0) = ™2 1 (0) = —me™/?; y5(0) = m®e™™/;
hns2(0) = (02 + M)y (0) (2.3.5)
Putting n = 1,2,3, ... in (2.3.5) we get,
y3(0) = (12 4+ m» 1 (0) = —e™2m(m? + 1);
0a(0) = (2 4 m2)ya0) = 22 (m? 4 2°)
ys5(0) = (32 + m?)ys(0) = —e™2m(m? + 1)(m? + 32).
In general,
e 2m2(m? +22) .- (m? + (n —2)?)  if n is even;
3(0) = {—em’T/Qm(m2 +1%) - (m*+ (n—2)%) nodd;n#1.

2.4. Example. If
y=(x—vV4d+a2)", (2.4.1)
then find y,,(0).

SOLUTION. By differentiating with respect to z, we get,

2x
= m(x — V4 + 22)™! (1——)
i =mi ) 21 + 22

svm1 [ VA+a?—x
=m(z — V4 + 2?) (W)



Squaring both the sides,
(4+ 2yt = m?y?,

which, on differentiation gives,

4+ x2)2y1y2 + 2:vyf = m22yy;, = 4+ .Z'2)y2 + 2y, = m2y.

By Leibniz’s Theorem, we get,
Yni2(4 + 2°) + "Ciyni1 (22) + 2 "Coy,
+ Y1 + "Cryn = my,
= (4 4+ 23 Yns2 + 20TYp1 + n(n — Dy,
+ TYni1 + Y — M2y, = 0
=4+ 2°)Ynr2 + (20 + Dayop + (0" —m?)y, = 0.
From (2.4.1),(2.4.2), (2.4.3) and (2.4.4) we have,

y(0) = (=2)™;
y©) _ m, om
n(0) = -m? = gy
m?y(0) _m? .
y2(0) = 1 - T(—Q) ;
m? —n?)y,(0
(o) = =20
Putting n = 1,2,3,... in (2.4.5) to get,
(m* =12 (0) _ m (m*—1?)
— —_ _2 m
(m? —2%)y(0) _ m? (m?* —2%)
— — 2 (—oym 2 2.
() : (g ),
=) m (P = 1) (P = 3)
In general,
(0) = (—2)m mEmie2 mzf(fﬁ)z if n is even;
= —(=2)™ % (m24—12) (m2_(f_2)2) n odd; n # 1.

2.5. Example. Let y = (> — 2)™. Find the value of m such that

(1]2 - 2>yn+2 + 2«Tyn+1 - n(n + 1)yn =0.

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)
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SoLUTION. Differentiating y with respect to x, we have,
y =m(z® —2)" 120
= (2 = 2)y1 = 2may
= (2% = 2)ys + 2xy1 = 2m(zy: +y)
= (2% — 2)y + 2(1 — m)zy; — 2my = 0.
Hence, by applying Leibniz’s Theorem, we get,

(2% = 2)Ynio + "C122Yn 11 + "Co2y,
+2(1 — m)(2Yny1 + nYn) — 2my, =0
=(2° = 2)Yny2 + 2n2Yny1 + n(n — )y,
+2(1 = m)(#Ynt1 + 1) — 2myy =0
= (2 = 2)yns2 + (n — m + 1)22yn41 + (n° — 2mn +n — 2m)y, =0
=(2* = 2)Ynt2 + (n — m+ 1)22y,11 + (n — 2m)(n + 1)y, = 0.

Comparing the coefficients of the last equation with the given equation, we find that
m=n.

hodddhdbddd



